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NON-VANISHING OF THE TWISTED COHOMOLOGY
ON THE COMPLEMENT OF HYPERSURFACES
YUKIHITO KAWAHARA
Abstract. Under the generic situation, the cohomology with the coefficients
in the local system on complements of hypersurfaces vanishes except in the
highest dimension. Our problem is of when the local system cohomology does
not vanish. In the case of arrangements of hyperplanes, many examples were
founded. In this paper, we shall generalize their examples to hypersurfaces.
We obtain that hypersurfaces given by some linear system have non-vanishing
local system cohomologies.
1. Introduction
Let V1, . . . , Vm be hypersurfaces in the complex projective space P
n of dimension
n and let L be a complex local system of rank one over the complement M =
Pn \ ∪mi=1Vi. In [A, KN, Ch, Di], we know vanishing theorems of the twisted
cohomology that is the cohomology with the coefficients in the local system L
over M as follows. Under the generic situation for V1, . . . , Vm, if L is non-trivial
and generic, then the twisted cohomology on M vanishes except in the highest
dimension:
Hk(M,L) = 0 for k 6= n.
In particular, vanishing theorems for the case of hyperplanes was found in [Ko, Yu,
CDO, Ka2] (cf. [ESV, STV]). Recently, arrangements of hyperplanes with non-
vanishing twisted cohomology were studied well and many examples were found (cf.
[CS, Fa, LY, Ka3]). [Yu2] implied that most of them consist of special elements
of pencils in P2. In this paper we generarize it to hypersurefaces in the general
dimension. We shall show that hypersurfaces that is the support of some divisors
in some linear system have non-vanishing twisted cohomologies besides the top
dimension.
Let ΩM denote the sheaf of germs of holomorphic forms onM and let OM = Ω0M .
Let D1, . . . , Dm be effective divisors on P
n such that the support of Di is Vi for i
and Di and Dj are linearly equivalent for i 6= j. In this case, Di’s have the same
degree (see [H]). Let λ = (λ1, . . . , λm) be a complex weight with
∑m
i=1 λi = 0. For
i 6= j, we have Di−Dj is the divisor of some rational function fij . Fix j and define
the global one-form ωλ =
∑
i6=j λidlog fij . This is independent on the choice of j
and then we can denote
ωλ =
m∑
i=1
λidlogDi ∈ Γ(M,Ω1M ),
m∑
i=1
λi = 0.
We can define the flat connection ∇λ = d+ ωλ∧ : OM → Ω1M and define the local
system Lλ by its kernel. Since M is a Stein manifold, we have
Hk(M,Lλ) ≃ Hk(Γ(M,ΩM ),∇λ)
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and Hk(M,Lλ) = 0 for k > n (cf. [De]).
Theorem 1. Let 1 < n < s ≤ m. Let D1, . . . , Dm be effective divisors on Pn with
same degree and let M be the complement of their supports. Suppose
(A1) D1, . . . , Ds are elements of some linear system Λ on P
n with dimension
n− 1.
(A2) There exist a base point P of Λ such that D1 · · ·Dn is normal crossing
locally at P and Di does not pass through P for i = s+ 1, . . . ,m.
(A3) D1, . . . , Ds are in general position as points in Λ = P
n−1.
If λ is a non-trivial weight, that is, λ 6∈ Zm, such that ∑si=1 λi = 0 and λi = 0 for
i = s+ 1, . . . ,m, then we have
dimHn−1(M,Lλ) ≥
(
s− 2
n− 1
)
.
Moreover, if s < m then we have
dimHn(M,Lλ) ≥
(
s− 2
n− 1
)
.
Remark. If the support of
∑m
i=1Di contains a hyperplane H , we can consider M
as the complement of affine hypersurfaces in Cn = Pn \H . The setting of the affine
hypersurfaces case was found in [KN, Ki] (cf. Section 5).
Remark. Let D1, . . . , Dm be divisors of degree d defined only by hyperplanes. Let
A be the set of irreducible components of the support of ∑mi=1Di. Then A is an
arrangement of hyperplanes in Pn andM = Pn\∪H∈AH . IfD1, . . . , Dm are divisors
of degree one, then they are defined by hyperplanes and this result is known (cf.
[Fa]).
2. Preliminary: Rational forms
Let V be a vector space of dimension ℓ over a field K of characteristic zero.
Let S = K[V ] be the symmetric algebra of V ∗ and let F = K(V ) be the quotient
field of S. We consider S as the polynomial algebra and F as the field of rational
functions on V . Let Ω(V ) = ⊕ℓp=0Ωp(V ) be the exterior algebra of F -vector space
F ⊗ V ∗ and let d be the usual differential. When we choose a basis x1, . . . , xℓ of
V ∗, we have S = K[x1, . . . , xℓ], F = K(x1, . . . , xℓ),
df =
ℓ∑
i=1
∂f
∂xi
⊗ xi =
ℓ∑
i=1
∂f
∂xi
dxi for f ∈ F,
Ω0(V ) = F , Ω1(V ) = F ⊗V ∗ = Fdx1⊕· · ·⊕Fdxℓ, and, Ωp(V ) = ⊕i1<···<ipFdxi1 ∧
· · · ∧ dxip . For p ≥ 2 and ω1, . . . , ωp ∈ Ω1(V ), define
∆[ω1 : · · · : ωp] :=
p∑
k=1
(−1)k−1ω1 ∧ · · · ∧ ω̂k ∧ · · · ∧ ωp.
Lemma 2. Let p ≥ 2 and ω1, . . . , ωp ∈ Ω1(V ).
(1) For a permutation σ of {1, . . . , p}, we have
∆
[
ωσ(1) : · · · : ωσ(p)
]
= sign (σ)∆[ω1 : · · · : ωp].
(2) If 2 ≤ j ≤ p− 2, then
∆[ω1 : · · · : ωp] =∆[ω1 : · · · : ωj ] ∧ ωj+1 ∧ · · · ∧ ωp
+ (−1)jω1 ∧ · · · ∧ ωj ∧∆[ωj+1 : · · · : ωp].
(3) ∆[ω1 : · · · : ωp] = −(ω1 − ω2) ∧∆[ω2 : · · · : ωp].
(4) ∆[ω1 : · · · : ωp] = (−1)p−1(ω1 − ω2) ∧ (ω2 − ω3) ∧ · · · ∧ (ωp−1 − ωp).
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(5) ∆[ω1 : · · · : ωp] = (ω2 − ω1) ∧ (ω3 − ω1) ∧ · · · ∧ (ωp − ω1).
(6) ω1 ∧∆[ω1 : · · · : ωp] = ω1 ∧ ω2 ∧ · · · ∧ ωp.
Since (6), if ∆[ω1 : · · · : ωp] = 0 then ω1, . . . , ωp is F -linearly dependent. How-
ever, the inverse is not true in general. The rational function f ∈ F is said to be
homogeneous of degree d, if f = g1/g2 with homogeneous polynomials g1, g2 and
d = deg g1 − deg g2.
Lemma 3. Assume p ≥ 2 and f1, . . . , fp ∈ F \K are homogeneous of same degree.
Then ∆[df1/f1 : · · · : dfp/fp] = 0, if and only if, df1/f1 ∧ · · · ∧ dfp/fp = 0.
Proof. Let ω1, . . . , ωp ∈ Ω1(V ). By the direct computation, we can obtain
(1) ∆[ω1 : · · · : ωp] = 0, if and only if, there exists (g1, . . . , gp) ∈ F p\{(0, . . . , 0)}
such that g1 + · · ·+ gp = 0 and g1ω1 + · · ·+ gpωp = 0.
Take ωi = dfi/fi and gi = hifi. Then we get
(2) For p ≥ 2 and f1, . . . , fp ∈ F \ K, we have ∆[df1/f1 : · · · : dfp/fp] =
0, if and only if, there exists (h1, . . . , hp) ∈ F p \ {(0, . . . , 0)} such that
h1f1 + · · ·+ hpfp = 0 and h1df1 + · · ·+ hpdfp = 0.
When fi’s are homogeneous of same degree, by using the Euler derivation, h1df1+
· · ·+ hpdfp = 0 induces h1f1 + · · ·+ hpfp = 0. 
In particular, if c1f1 + · · · + cpfp = 0 for some (c1, . . . , cp) ∈ Kp \ {(0, . . . , 0)},
then ∆[df1/f1 : · · · : dfp/fp] = 0. If fn11 · · · fnpp = 1 for some non-zero integers
n1, . . . , np then ∆[df1/f1 : · · · : dfp/fp] = 0 also.
Remark. ∆ is a natural generalization of the linear derivation on Orlik-Solomon
Algebras ([OT]), which is in the degree one case.
3. Proofs
Proof of Theorem 1. Let [x0 : x1 : . . . : xn] be homogeneous coordinates of P
n. We
can assume Di is given by a homogeneous polynomial Fi(x) of degree d. So we can
write ωλ =
∑m
i=1 λidFi/Fi. It is easy to check that dFi/Fi − dFj/Fj and ωλ are
global forms. For 1 ≤ i1, . . . , ip ≤ m, define a holomorphic form on M by
η[i1, . . . , ip] := ∆
[
dFi1
Fi1
: · · · : dFip
Fip
]
.
Since Lemma 2 (4), if it is not zero then η[i1, . . . , ip] is a global (p − 1)-form. By
(A1) and (A3), F1, . . . , Fn becomes a basis of the vector subspace of Γ(P
n,O(d))
defining the linear system Λ. So we can write Fj = a1jF1 + · · · + anjFn for some
constant aij and define the n×s-matrix A = (aij). By (A3), any n×n-minor of A is
not zero. Due to Lemma 3, we have η[i1, . . . , in+1] = 0 for 1 ≤ i1 < · · · < in+1 ≤ s.
Because we can write ωλ =
∑
i6=i1 λi(dFi/Fi − dFi1/Fi1), using Lemma 3, we have
ωλ ∧ η[i1, . . . , in] = 0 and then ∇λ(η[i1, . . . , in]) = 0 for 1 ≤ i1 < · · · < in ≤ s. We
note that, for 1 ≤ i1 < · · · < in ≤ s, by (A2) and (A3), we have dFi1/Fi1 ∧ · · · ∧
dFin/Fin 6= 0 and, by Lemma 3, η[i1, . . . , in] 6= 0. Thus, η[i1, . . . , in] is a ∇λ-closed
(n− 1)-form for 1 ≤ i1 < · · · < in ≤ s.
By (A2), we take a local neighborhood U and coordinates x = (x1, . . . , xn) at P
such that Di is defined by xi = 0 for i = 1, . . . , n. Let αj(x) = a1jx1 + · · ·+ anjxn
and Hj = {αj(x) = 0}. So we get the central arrangement A = {Hj}1≤j≤s of
hyperplanes in Cn ≃ U , (∩si=1Hi is the origin). Let M(A) denote the complement
of an arrangement A. Then we have Hk(U ∩M,Lλ|U∩M ) = Hk(M(A), L˜λ) where
L˜λ is the rank one local system onM(A) whose monodromy around the hyperplane
Hj is exp (−2π
√−1λj). Since λ is non-trivial and
∑s
i=1 λi = 0, without loss
of generality, we may assume that λ1 and λs are not integers. Now, choosing
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H1 ∈ A, we get the deconing dA (see [OT]), which is an arrangement of s−1 affine
hyperplanes in Cn−1 ≃ H1. Note that M(A) ≃ M(dA) × C∗ by the restriction
of the Hopf bundle. Since any n × n-minor of A is not zero, A is generic and dA
is in general position ([OT]). On the other hand, for the integer weight k ∈ Zn
with
∑s
i=1 ki = 0, we know that the local system L˜λ is equivalent to the local
system L˜λ+k associated to the integer shift weight λ + k (see [OT2]). By shifting
a weight if necessary, we can assume that λ /∈ (Z \ {0})n. Since Hk(M(A), L˜λ) ≃
Hk(M(dA), L˜λ)⊕Hk−1(M(dA), L˜λ) (cf. [Fa]), in this case, the following is known.
Lemma 4 (cf. [Ha, KN, Ki, Ka]). Let A = {Hj = {αj = 0} : 1 ≤ j ≤ s} be a
generic arrangement of hyperplanes in Cn and let M(A) be its complement. For
a complex weight λ = (λ1, . . . , λs) such that λ1 /∈ Z, λs /∈ Z and
∑s
i=1 λi = 0, we
have
(1) Hk(M(A), L˜λ) = 0 for k 6= n, n− 1,
(2) Hn(M(A), L˜λ) ≃ Hn−1(M(A), L˜λ) and dimHn = dimHn−1 =
(
s−2
n−1
)
.
(3) {e1 ∧ ei1 ∧ · · · ∧ ein−1 : 1 < i1 < · · · < in−1 < s} is a basis of Hn.
(4) {∆[e1 : ei1 : · · · : ein−1 ] : 1 < i1 < · · · < in−1 < s} is a basis of Hn−1,
where ej = dαj/αj and L˜λ is the rank one local system on M(A) whose monodromy
around the hyperplane Hj is exp (−2π
√−1λj).
Note that Hk(M(A), L˜λ) is isomorphic to the twisted de Rham cohomology
defined by the one form eλ =
∑s
j=1 λjej (see [OT2]) and that ωλ|U = eλ and
η[i1, . . . , in]|U = ∆[ei1 : · · · : ein ]. Now suppose that there exists a global (n −
2)-form α such that η[i1, . . . , in] = ∇λ(α). Then restricting it to U , we have
∆[ei1 : · · · : ein ] = ∇˜λ(α|U ) where ∇˜λ = d + eλ∧. However, by the above Lemma,
this is a contradiction. Therefore η[i1, . . . , in] defines a non-vanishing class of degree
n− 1 for 1 ≤ i1 < · · · < in ≤ s. In a similar fashion, we obtain {η[1, i1, . . . , in−1] :
1 < i1 < · · · < in−1 < s} is independent in Hn−1(M,Lλ).
Assume s < m and fix m. Take η[m, i1, . . . , in] for 1 ≤ i1 < · · · < in ≤ s. It is
easy to see that η[m, i1, . . . , in]|U = ei1 ∧· · ·∧ein . Therefore, η[m, i1, . . . , in] defines
a non-vanishing class of degree n. By the same way, using the above Lemma, we
have {η[m, 1, i1, . . . , in−1] : 1 < i1 < · · · < in−1 < s} is independent in Hn(M,Lλ).
This completes the proof. 
If a weight λ is trivial then Hk(M,Lλ) is isomorphic to the usual de Rham
cohomology Hk(M) on M .
Corollary 5. Under the assumption of Theorem 1, we have
dimHk(M) ≥
(
s− 1
k
)
for 1 ≤ k ≤ n− 1.
Moreover, if s < m then we have
dimHn(M) ≥
(
s− 1
n− 1
)
and dimHk(M) ≥
(
s
k
)
for 1 ≤ k ≤ n− 1.
Proof. In the proof of Theorem 1, since A is the generic arrangement of s hyper-
planes in Cn and dA is in general position, the following is known ([OT]).
(1) dimHk(M(A)) = (sk) for 1 ≤ k ≤ n and dimHk(M(dA)) = (s−1k ) for
1 ≤ k ≤ n− 1,
(2) Hk(M(A)) ≃ Hk(M(dA)) ⊕ Hk−1(M(dA)) for 1 ≤ k ≤ n − 1, and
Hn(M(A)) ≃ Hn−1(M(dA)),
(3) {e1 ∧ ei1 ∧ · · · ∧ ein−1 : 1 < i1 < · · · < in−1 ≤ s} is a basis of Hn(M(A)).
(4) {∆[e1 : ei1 : · · · : eik ] : 1 < i1 < · · · < ik ≤ s} ∪ {e1 ∧ ei1 ∧ · · · ∧ eik−1 : 1 <
i1 < · · · < ik−1 ≤ s} is a basis of Hk(M(A)) for 1 ≤ k ≤ n− 1.
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Since η[i1, . . . , ik] is d-closed, the same argument leads this corollary. 
4. Generalization
Let A be the arrangement of (affine or projective) hyperplanes. The intersection
set L(A) of A is the set of nonempty intersections of elements of A. For X ∈ L(A),
define a central arrangement AX = {H ∈ A | X ⊂ H}. Let C be a central arrange-
ment with center
⋂
H∈C H 6= ∅. We call C decomposable if there exist nonempty
subarrangements C1 and C2 so that C = C1 ∪ C2 is a disjoint union and after a
linear coordinate change the defining polynomials for C1 and C2 have no common
variables. Define D(A) = {X ∈ L(A) : AX is not decomposable.}. For a complex
weight λ of A and X ∈ L(A), denote λX =
∑
H∈AX λH . The construction of a
basis of the twisted cohomology for arrangements given by [FT] (cf. [OT2]), by the
same way of proof of Theorem 1, induces the following.
Theorem 6. Let 1 < n < s ≤ m. Let D1, . . . , Dm be effective divisors on Pn
with same degree and let M be the complement of their supports. Suppose (A1)
and (A2). Let A be the arrangement of hyperplanes in the dual projective space
Λ∗ = (Pn−1)∗ ≃ Pn−1 defined by D1, . . . , Ds. Let λ be a non-trivial weight such
that
∑s
i=1 λi = 0 and λi = 0 for i = s+1, . . . ,m. If λX 6∈ Z≥0 for every X ∈ D(A),
then we have
dimHn−1(M,Lλ) ≥ β,
and moreover, if s < m then we have
dimHn(M,Lλ) ≥ β,
where β is the Euler characteristic χ(M(A)) of M(A) = Pn−1 \ ∪H∈AH.
Remark. Note that β is known as the beta invariant of the underlying matroid
of A. If A is defined over real then β is the number of bounded chambers in
Cn−1 = Pn−1 \H for fixed H ∈ A (see [STV, OT2]).
Remark. Note that λH 6∈ Z≥0 for all hyperplanes in A. We can generalize this
theorem in the case that there is H ∈ A with λH = 0, by using [Ka2].
5. Affine case
Let V a1 , . . . , V
a
m be hypersurfaces in the complex affine space C
n with coordinates
u = (u1, . . . , un). Denote V
a = ∪mi=1V ai and M = Cn \ V a. Assume that a
polynomial fj(u) of degree di defines V
a
j . Let λ = (λ1, . . . , λm) be a weight and let
ωaλ =
∑m
i=1 λidfi/fi. Then we obtain the twisted de Rham complex (Ω(∗V a),∇aλ)
where Ω(∗V a) is the space of rational forms with poles along V a and ∇aλ = d+ωaλ∧.
The Grothendiek-Deligue comparison theorem ([De]) asserts
Hk(M,Laλ) ≃ Hk(Ω(∗V a),∇aλ),
where Laλ is the rank one local system defined by the flat connection ∇aλ (cf. [KN,
Ki]).
Let Pn be the complex projective space with the infinite hyperplane H∞, which
is a compactification of Cn. Let [x0 : . . . : xn] denote homogeneous coordinates with
H∞ = {x0 = 0}. Define the homogeneous polynomial Fj(x) = xd0fj(x1/x0, . . . , xn/x0)
of degree d = max (d1, . . . , dm). Then Fj(x) determines the divisor Dj of degree
d. If d = d1 = · · · = dm then the support of
∑m
i=1Di does not contain H∞, oth-
erwise it contains H∞. Note that the weight of H∞ is given by −
∑m
i=1 λidj . If
d = d1 = · · · = dm and
∑m
i=1 λi = 0 then the weight of H∞ is zero.
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Corollary 7. Under the assumption in Theorem 1, if a point P in (A2) is not on
H∞, then we have
dimHn−1(Ma,Laλ) ≥
(
s− 2
n− 1
)
for a non-trivial weight λ with
∑s
i=1 λi = 0 and λi = 0 for i = s+ 1, . . . ,m.
6. Examples
6.1. n = 2 and s = 3. Let D1, D2 and D3 be irreducible prime divisors on P
2
defined by F1 = x
2
0 + x
2
1 − 2x22, F2 = x20 + 2x21 − 3x22 and F3 = 2x20 + x21 − 3x22,
respectively. They are three generic elements of the pencil of conic curves F[a:b] =
a(x20 − x22) + b(x21 − x22) and they intersect transversally each other at each four
intersection points. Let M = P2 \ ∪3i=1Di and Ma = C2 \ ∪3i=1(Di ∩ C2) where
C2 = P2 \{x2 = 0}. We have H1(M,Lλ) 6= 0 and H1(Ma,Lλ) 6= 0 for a non-trivial
weight λ with λ1 + λ2 + λ3 = 0. In the following case, we can get it also.
(1) F1 = x
2
0 + x
2
1− 2x22, F2 = x20 +2x21− 3x22 and F ′3 = x20− x21 (two conics and
a set of 2-lines).
(2) F1 = x
2
0 + x
2
1 − 2x22, F ′2 = x22 − x20 and F ′3 = x20 − x21 (one conics and two
sets of 2-lines).
(3) F ′1 = x
2
1 − x22, F ′2 = x22 − x20 and F ′3 = x20 − x21 (three sets of 2-lines).
In the last case, it is an arrangement of 6 lines in the Ceva Theorem. In a similar
fashion, we get the following. In the degree three case, we get an arrangement of 9
lines in the Pappus Theorem ([Fa]). In the degree four case, there are two different
arrangements of 12 lines in the Kirkman Theorem and the Steiner Theorem ([Ka3]).
Those arrangements are 3-nets, whose combinatorial structures are matroids associ-
ated to Latin squares ([LY, Yu2, Ka3]). In the other hand, the B3-arrangement is an
example of the case that Di’s are not prime. Let D1, D2 and D3 be divisors defined
by x22(x
2
0−x21), x21(x20−x22) and x20(x21−x22), respectively. Their divisors can be writ-
ten byD1 = 2H1+H2+H3,D2 = 2H4+H5+H6 andD3 = 2H7+H8+H9 whereHi’s
are hyperplanes. The arrangementA = {H1, . . . , H9} is called the B3-arrangement.
Note that a weight λ induces the weight (2λ1, λ1, λ1, 2λ2, λ2, λ2, 2λ3, λ3, λ3) of A
(cf. [Fa, Ka3]).
6.2. n = 2 and s ≥ 3. We consider the pencil of cubic curves F[a:b] = a(x30 + x31 +
x32)+3bx0x1x2. A generic element given by a 6= 0 and b3 6= −1 is non-singular. For
s generic elements D1, . . . , Ds, we have dimH
1(M,Lλ) ≥ s− 2. Define non-generic
elements F1 = x0x1x2, F2 = x
3
0 +x
3
1 + x
3
2− 3x0x1x2, F3 = x30 +x31 + x32− 3ξx0x1x2
and F4 = x
3
0 + x
3
1 + x
3
2 − 3ξ2x0x1x2 where ξ = e2π
√−1/3. They are four sets of
3-lines and the set A of all lines is called the Hessian configuration, which is the
arrangement of 12 lines passing through the nine inflection points of a nonsingular
cubic. In this case, we know dimH1(M,Lλ) = 2 for a non-trivial weight λ with∑4
i=1 λi = 0 ([Li]).
6.3. n = 3. Let F1 = x0(x1 + x2 + x3), F2 = x1(−x0 + x2 − x3), F3 = x2(−x0 −
x1 + x3) and F4 = x3(−x0 + x1 − x2). Then we can check divisors defined them
satisfy the conditions in Theorem 1 and then H2(M,Lλ) 6= 0 for a weight λ with∑4
i=1 λi = 0. They yield the arrangement of 8 planes, whose underlying matroid is
of type L8 ([Ka3]).
6.4. higher dimensional case. Let Fi = x
d
i−1−xdi for i = 1, . . . , n and F0 = xdn−
xd0. This support determines the arrangementA of (n+1)d hyperplanes in Pn. Note
that this is a projective closure of a subarrangement of the monomial arrangement
Ad,d,n+1 (see [OT, CS]). Since
∑n
k=0 Fk = 0, we have H
n−1(M,Lλ) 6= 0 for a
weight λ with
∑n
i=0 λi = 0. The n = 2 case was found in [CS]. Note that the
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underlying matroid of A is a degeneration of the matroid associated to the Latin
n-dimensional hypercube given by the addition table for (Zd)
n (see [Ka3]).
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